In this article, we develop a linear theory of elastic boundary reinforcement of a couple stress elastic solid subjected to anti-plane deformations. The reinforcement is represented by a thin couple stress elastic coating perfectly bonded to the boundary of the solid. The elastic properties of the coating are taken to be separate from those of the surrounding bulk material. In this context, the model developed here can also be viewed as a more comprehensive representation of the deformation of a couple stress material in which the separate role of surface mechanics is incorporated into the model of deformation. As an example of our theory, we consider the classical problem of a semi-infinite crack in a couple stress material and examine the contribution of the reinforcement to the stress distributions in the vicinity of the crack tip. Our results indicate that the presence of the reinforcing layer on the crack faces eliminates the well-known stress singularity at the crack tip demonstrating the influence of surface and couple stress effects in the model of deformation.
Introduction
Over the past decade there has been increasing research into the role of surface mechanics in the deformation of elastic solids. The main reason for this interest is the desire to retain the advantages of continuum-based models of deformation in the description of the mechanical behaviour of materials at much smaller scales, for example, at the nano-scale, where it is known that the volume to surface ratio of a representative element is much smaller than at the macro-scale. In a series of recent papers (see, for example, (1, 2) and the references therein), the role of the surface was successfully represented by the 'addition' of a thin film of separate elasticity, perfectly bonded to the boundary of an elastic solid. In these investigations, however, the solid and the film are each represented by classical elastic materials. In many cases, it is well-known that the mechanical behaviour of certain materials is strongly influenced by their microstructure (see, for example, (3) (4) (5) which further requires that any suitable continuum-based model of deformation be supplemented by a theory incorporating consistent size dependency. As noted in (6) 'new measures of deformation, which are length related, such as the curvature tensor, are needed in a more complete continuum theory. As a consequence, such a theory will also require the introduction of couple stresses.' The Cosserat brothers (7) were the first to develop a continuum-based theory that accommodates materials with couple stresses. This theory allows for a much wider range of deformations and captures micromechanical effects not available to classical theories.
In this article, we seek to combine both surface effects via a theory of couple stress boundary reinforcement and a Cosserat material model (incorporating couple stresses) of a bulk solid together in a more comprehensive model of deformation. Our motivation comes from two sets of results: first, the results in (8, 9) in which the framework of classical linear elasticity is used to show that the addition of surface mechanics significantly improves several models of deformation used in classical linear elastic fracture mechanics, for example, the elimination of the oscillatory behaviour of the stress field in the vicinity of an interface crack tip in a solid subjected to plane deformations; second, the results established by the authors in (10, 11) for a mode-III crack in a couple stress elastic solid, demonstrating a strong singularity in the skew-symmetric stress distributions in the vicinity of the crack tip. We illustrate our theory by considering a semi-infinite crack in a couple stress elastic solid subjected to mode-III deformation in which the crack incorporates couple stress boundary elasticity via a thin reinforcing film perfectly bonded to its crack faces. Asymptotic analysis shows that, in this case, the corresponding stress distributions established in (10) are bounded in the vicinity of the crack tip.
Preliminaries
In the original Cosserat theory, the motion of each 'material point' is described by a displacement field u = (u 1 , u 2 , u 3 ) and an independent microrotation field ϕ = (ϕ 1 , ϕ 2 , ϕ 3 ). In (12) (13) (14) the authors develop a couple stress theory in which the microrotation ϕ is no longer independent of the displacement field but, in fact, is aligned with the usual continuum mechanics macrorotation of the body (one-half of the curl of the displacement field). As discussed in (6), 'there are some difficulties with these formulations' which lead to certain inconsistencies in the theory. A consistent version of the couple stress theory is further developed in (6) and it is this version that we adopt here.
A state of anti-plane shear in the solid is characterised by a displacement field of the form
where the out-of-plane displacement u 3 is now represented by the function w of x ≡ (x 1 , x 2 ) on a typical cross-section of the solid. Non-vanishing components of the strain tensor ε, the rotation tensor ω and the curvature tensor κ in the couple stress theory are given by (15):
In what follows, Latin subscripts take the values 1, 2, 3, summation over repeated subscripts is understood and e ijk represent the components of the alternating tensor. In the case of isotropic couple stress elasticity the strain energy is a quadratic function W of the strain and curvature components (15) :
where the shear-type material constants λ, μ, α, β satisfy the inequalities
which ensure that W is positive definite.
The constitutive relations for a couple stress material are given by (15)
where σ (ji) denotes the symmetric part of the force stress tensor σ and m ij denotes the components of the couple stress tensor m. Then, in the specific case of anti-plane shear deformations
Similarly, the equilibrium equations for a three-dimensional couple stress material in the absence of body forces and couples are given by
From (2.1), the non-symmetric part of the force stress tensor can be written as
so that the governing equation of equilibrium for anti-plane shear deformations is given in the bulk solid by
where l 2 = α/μ.
Reinforcement condition on the boundary
Assume that the bulk material undergoes anti-plane deformation but that part of its boundary is coated with a thin couple stress elastic film with thickness h perfectly bonded to the bulk and, henceforth, referred to as a 'reinforcement'. Accordingly, the reinforcement is represented by a thin 'plate' with material parameters of shear typeλ,μ,ᾱ,β whose displacement field at any cross-section is characterised by w = u 3 (x 1 ).
On the reinforcement, the non-vanishing strain, rotation and curvature components are given by:
while the corresponding non-zero components of the force stress and couple stress tensors are given by:
Equilibrium of the reinforcement now requires that
with the body force component F 3 acting in the axial direction and the body couple component C 2 along the outward unit normal n to the plate. In terms of the displacement field w of the plate, we can write:
Thus, the reinforcement transmits the following stresses to the bulk:
In couple stress theory (15) , at any point of the smooth boundary of the body we can specify three reduced stress tractions:
e ijk n j (n p m pq n q ) ,k , and two tangential couple stress tractions:
For this particular case of anti-plane shear, the non-zero components of the reduced traction and couple stress traction in terms of displacement w are: Taking into account the force transmitted by the reinforcement to the bulk, we arrive at the following (boundary) conditions for the bulk displacement field w on the reinforced section of its boundary:
Herep 3 ,q 1 represent prescribed stresses and couple stresses on the reinforcement.
Example: couple stress elastic solid with mode-III crack
A simple but illustrative example of the contribution of the reinforcement arises in the case of a mode-III crack in a couple stress elastic solid in which the faces of the crack are coated by a thin reinforcing film of separate couple stress elastic material (See Fig. 1(a) ). We assume that a semi-infinite crack extends along the negative x 1 -axis of a Cartesian coordinate system (x 1 , x 2 ) (so that the crack tip is located at the origin). Our particular interest lies in the case when the crack faces (described here by x 2 = 0, x 1 < 0 or in polar coordinates by θ = π, 0 < r < ∞) are reinforced with a thin solid film whose bending rigidity is taken to be negligible (see Fig. 1(a) ). Assume that on the crack faces (θ = π) the reinforcement transmits traction and vanishing couple stress traction as discussed above. The corresponding boundary value problem takes the following form: Find the displacement field w(r, θ) satisfying (2.2) in the bulk solid and the boundary conditions
To draw conclusions regarding the contribution of the reinforcement, we make comparisons with the results presented in (10) concerning the singularity of stresses near the crack tip for the same crack problem but in the absence of any reinforcement on the crack faces. To this end, we assume a polar coordinate system (r, θ) centred at the crack tip and seek the leading order solution as r → 0 in the following standard form:
where λ > 0 and F λ are the eigenvalues and eigenfunctions to be determined. Negative values of λ are excluded to prevent the displacement field from singular behaviour as r → 0. Retaining only leading order terms as r → 0, the governing equation (2.2) yields the following ordinary differential equation for the unknown function F λ (θ ) (10)
while the boundary conditions (4.1) and (4.2) result in the requirements that
As in (10), we find that for λ = 1,
Here B 1 , B 2 , B 3 and B 4 are constants to be determined from the boundary conditions. Indeed, the first two boundary conditions in (4.4) (at θ = 0) require that B 2 = B 4 = 0 while the remaining boundary conditions (at θ = π) indicate that non-trivial values of B 1 and B 3 exist if and only if λ = k, where k is an integer. In (10), a consideration of the corresponding J-integral reveals that boundedness of the flux of energy towards the crack tip requires λ 3/2. We note further that the contribution of the surface mechanics to the J-integral, in turn, requires λ 2. Thus, in both cases the first admissible value of λ is λ = 2.
For the case λ = 1, we find, as in (10) , that
The first two boundary conditions of (4.4) at θ = 0 again (as in (10)) result in A 2 = A 3 = 0. The remaining boundary conditions (at θ = π) are satisfied identically. We thus obtain that
with A 1 and A 4 arbitrary constants. In accordance with (11) we choose A 4 = 0, otherwise the term with A 4 = 0 does not correspond to a rigid body motion (10) . Solutions corresponding to λ = 3 and beyond do not contribute to the leading order solution. Consequently, from (4.3), the leading order solution takes the form:
As in (10), the constants A 1 and B 1 are determined from the far-field loading and specimen geometry when the complete boundary-value problem is formulated. The corresponding fields of interest are then:
It can be seen that the corresponding stress distributions are bounded in the vicinity of the crack tip. For the case of the crack in the absence of the reinforcement (10) (see Fig. 1(b) ), the corresponding asymptotic fields describing couple stresses and skew-symmetric stresses have the following order:
Clearly, couple stresses display the square-root singularity, while the skew-symmetric part of the stresses show an even stronger type of singularity of order 3/2. On the basis of these results it can be observed that the addition of surface mechanics via boundary reinforcement eliminates completely the singularity in the stresses near the crack tip indicating a more accurate and comprehensive model of deformation can be achieved in this way.
Remark 4.1. There are several limiting cases arising from this problem which are of great interest. When the surface microstructural parameterᾱ tends to zero in (4.2), we recover exactly the singular leading order solution from the corresponding problem studied in (10) . When both bulk and surface microstructural parameters l 2 ,ᾱ → 0, the corresponding problem becomes analogous to that considered in (8) where it was found that the contribution of the surface effect is to introduce the possibility of a solution with weakened singularity of the logarithmic type near the crack tip: a solution which does not appear in the classical theory.
Conclusion
We develop a linear theory of elastic boundary reinforcement of a couple stress elastic solid subjected to anti-plane deformations. The reinforcement is represented by a thin couple stress elastic coating perfectly bonded to the boundary of the solid. The elastic properties of the coating are taken to be separate from those of the surrounding bulk material. As an example of our theory, we consider the classical problem of a semi-infinite crack in a couple stress material and examine the contribution of the reinforcement to the stress distributions in the vicinity of the crack tip. Our results indicate that the presence of the reinforcing layer on the crack faces eliminates the well-known stress singularity at the crack tip clearly demonstrating the influence of surface and couple stress effects in the model of deformation.
